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AN EXAMINATION of various Solutions of KEPLER'S Problem* 
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JCROM the time ^hen-Kepleir difcovered by the obfervations ofTycho 
Brahe, that the motions of the planets were performed in elliptical orbits, 
aftronomers and mathematicians have been continually propofing different 
methods of obtaining the truefrom the mean place of a planet. A direft me- 
thod of folution was long unknown, and even after the improved ftate of the 
analytical art furnifhed a direft folution, or more ftri&ly fpeakmg, a 
direft approximation, it was found that indirect foiutions are the readied: 
for pra&ice. Many indireft foiutions have been given, and I cannot but 
think that an examination of the principal of them, and a comparifon 
of their different degrees of accuracy, will be confidered both as curious 
and ufefuL It is certainly an objeft for curiofity to compare together 
foiutions, fome of which brought to their refpeftive authors, in their 
day, no fmall credit, and fome of which have fince been very inaccu- 
rately appreciated by different writers; and it is alfo both curious and 
ufeful to contemplate the prefent ftate of the analytical art which now 
fo readily furnifhes methods of making a comparifon. I know not 
that this comparifon 5 has before been made, and I have been the 

L % more 
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more induced to do it, as thereby ftriking examples are afforded of the 
advantage of the method of deducing feries which I gave in a 
memoir read at the Academy, Nov. 1798.* The utility of this .en- 
enquiry will be more readily allowed at the prefent time, from the re- 
markable circumftance, the difcovery of two new planets. Heretofore 
an enquiry of this kind might have appeared of little, ufe, as tables for 
the equation of the centre were already conftru&ed for all the planets. 
Now we aftually have two new bodies, one moving in an orbit more 
excentric than that of Mercury, for which the application of Kepler's 
problem will be continually neceffary, till the elements of their orbits 
are fettled with precifion, and tables conftru&ed. It alfo may reafon- 
ably be expefted that the induftry of aftronomcrs will, ere long, difco- 
vcr other bodies of the fame kind. 

The indirect method, which I have here recommended, and which for 
orbits not very excentric appears to me as ready in praftice as can be defired, 
is deduced from a combination of the methods of Kepler, Newton, and 
the fecond CafHni; it is alfo applicable to the excentric orbits of comets, 
and will, in all cafes, rapidly approximate. 

The mode of examination of the principal folutions, and the refults 
from that examination are briefly as follows. 

The two feries for the true aiicL the excentric anomaly afcending 
by the powers of the excentricity, and by the feries of multiples of the 
mean anomaly arc firft given to fcrvc as it were for a fcale to meafure 

the 

* This Memoir was read at the Academy, Nov. 1798, and printed in ■ the feventh 
Yolumc, publifhcd in 1 800. In the latter year, a work of confiderable magnitude in 
quarto, by M. Arbogafl: appeared, entitled " Calcul des Derivations". The purport 
of this work is prccifely the fame as that of my memoir. The method of M. Arbogaft 
is, however, very different from mine ; but, if I am not miftaken, my method is fuf- 
ceptiblc of much more general application, and of greater facility in practice. The li- 
mited nature of a memoir prevented me from entering into much detail. I have 
therefore engaged in drawing up a full and regular account of the method, and of its 
application to all the purpofes to which M. Arbogafl has applied his, fome of which 
had not fuggefted themfelves, till I faw his book, and to other important ones in which 
his method does not appear to be readily applicable. 
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tile true and excentric anomalies deduced from the mdireft methods 
examined. 

Kepler's ftatement of his problem, and his own folution are then no- 
ticed. 

Boulliald's firft hypothefis, and Seth Ward's fimplification of that hy- 
pothefis are next in order confidered. Seth Ward's fimplification, which 
is better known by the name of Seth Ward's hypothefis, or the fimplc 
elliptic hypothefis, is particularly examined, and the anomaly as deduced 
thereby, is compared generally with the true anomaly. The feries ex- 
preffing his anomaly is remarkable by its fimplicity, and may be of 
ufe in other enquiries. 

The examination of Boulliald's correftion of Ward's hypothefis fol- 
lows next. It is /hewn that this corre&ion, contrary to what has been 
generally fuppofed, at leaft in more modern times, was a real'con- 
re&ion, and afforded a very fhort and exaft' method of deriving, the 
true from the mean anomaly. The error is of the fame order 
as the third power of the excentricity, and the error of Ward's hy- 
pothefis is of the fame order as the fecond power of the excentricity. 
Obfervations made at that time, could not have detected any error in 
the places of Venus, the Sun, Jupiter and Saturn; and even in Mars 
the error, when at its maximum, could fcarcely have been noticed, ex- 
cept when Mars was then in oppofition. 

In the year 1664, Mercator propofed a new hypothefis,* which he, 
having compared it with forty-two obfervdd places, of Mars, afferted to 
be more ready in practice, and more accurate than any before given. 
His .hypothefis is here fhewn to be fomewhat lefs accurate than Boul- 
liald's correftion of Ward's, although as ready in praftice. 

Accurately fpeaking, the above mentioned folutions of Ward, Boulliald 
and Mercator ought not to be called folutions of Kepler's Problem. 
Kepler, retting upon obfervation, afferted that the orbit of a planet 
was an ellipfe, the fun being in one of the foci, and alfo that the law 
of the elliptical motion was fuch that equal areas were defcribed in equal 

times, 

* Aftr. Edit. 1671, p. 163, 164. 
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times about the fun. The problem, therefore* was to affign at any time 
the place of a planet moving according to fuch a law. Ward, t Boulliald 
and Mercator, however, only adopted the orbit, but not the law of th$ 
motion in the orbit. They imagined fuch a law as would readily en- 
able them to deduce the place of the planet, and then had recourfe 
to obfervation, to eflablifh the truth of their refpe&ive hypothefes. No 
one attempted to compare his own hypothefis with Kepler's difcovery 
of the equable defcription of areas. Each confidered his own hypothe- 
fis as refting upon as folic! foundations as Kepler's. Till the phyfical 
difcoveries of the illuftrious Newton, and the more improved ftate of 
aftronomical inftruments, it might perhaps have been impoffible to have 
decided between the refpeftive hypothefes of Kepler, Boulliald, and Mer- 
cator. In rcfpcct to Ward's Hypothefis, there could have been no 
doubt of its impcrfe&ion. The fuperior fagacity of Kepler, in eliciting 
from the obfervations of Tycho Brahe the true law, and not refting 
upon fuch a conclufion as Ward has done, can be never fufficiently 
admired. However the extreme fimplicity of the application of Ward's 
hypothefis to pra<flice, will always occafion it to be noticed. : 

After Mercator's, the two . pra&ical folutions given by Sir Ifaac 
Newton* are examined. From the former of thefe two folu- 
tions a pra&ical one may be derived, which appears to be far 
preferable to any other that has been given. The fecond folution, al- 
though confidered by its great author, as better adapted for pra&ice, is 
not fullicicntly cxaft for the prefent ftate of aftronomy, and by ex- 
tending its accuracy, nothing would be gained in point of brevity. 

The next folution deferving notice, was given by the fecond 
Caflini. He pointed out, in 17 19,! a very near approximation for 
the cxccntric anomaly, and then a corre&ion of that excentric ano- 
maly. The approximation was adopted by De la Caille,| and cor- 
rected 

* Schol. 6 Soft. Lib. 1. Princ. Math. 
f Mem. R. Acad. 171 9. Caflini's Aftr. 
J De la Caille's Aftronomy, Art. 144. Vinces Aft. 22;. 
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re#ed by him nearly in the, fame manner, as Kepler corre&s the af- 
fumed excentric anomaly* Caffini's corre&ions of his approximation are 
very ingenious, but not fufficient in excentric orbits for the nice pur- 
pofes of modern aftronomy. 

This firft approximation of Cafliini has been adopted by many authors, 
pra&ice having fhewn its value ; for I know of no one that has at- 
tempted to fhew its exaft and general value. It is {hewn here, and 
I think for the firft time, how clofe an approximation it is, the error 
depending on the third power of the excentricity. In the orbit of Mars 
the error is not greater than -so", and in the orbit of Mercury not 
greater than 5'. The approximation confifts in adding half Seth Ward's 
anomaly to half the mean anomaly, the fum will be very nearly the 
excentric anomaly. The angle Caffini computes is readily fhewn to be 
equal to Seth Ward's anomaly • 

It is from this approximation that the method recommended, is 
partly derived. That method is as follows. 

Caffini's firft approximation, which is equivalent to the fum of half Seth 
Ward's anomaly, and half the mean anomaly, is taken for the excentric ano- 
maly. With this excentric anomaly the mean anomaly is computed by 
Kepler's method. The difference between this computed mean and the true 
mean anomaly is multiplied by a number taken out of a fmall table. This 
produft properly applied to the difference, gives the corre&ipn, of the ap- 
proximated excentric anomaly. 

The error of the excentric anomaly fo obtained, is of the fame order 
as the feventh power of the. excentricity, and lefs than a fecond in all 
the planets. 

The formula from which the table is computed, is derived from Sir 
Ifaac Newton's firft method. 

If with the corre&ed approximate excentric anomaly, the operation 

be repeated, the error of the next approximation will be of the fame 

order as the 15th power of the excentricity, and by repeating the pro- 

ceffes, the errors will be of the fame order as the 31ft, 63d, 127th 

powers of the excentricity. 

Machin 
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Machin has alfo given a foluti .n of Kepler's problem,* remarkable 
for its ingenuity. His motive for attempting the folution was, as he 
tells us, to give one which might be general. None of the methods, 
according to him, being applicable to excentric orbits, and all of them 
requiring fome rule or hypothefis to begin the computation. He himfelf was 
aware that his method was too intricate for common pra&ice in regard to the 
planetary orbits, and had he confidered Newton's firft method, he would not 
have afferted that no rule was fubfifting, but what was abfolutely ufelefs in 
the elliptical orbits of comets. With refpeft to a rule .for beginning 1 
the computation it may be obferved that if the mean anomaly be af- 
fumed for the firft excentric anomaly, the error of the firft cofre&ed 
anomaly will be of the fame order as the third power of the excen* 
triciy ; the fecond of the feventh power, &c. and therefore in the moft 
excentric orbits, fuch an aflumption would be fufficient for beginning 
the computation. Machin's method however, is peculiarly applicable to 
very excentric orbits. It confifts of two parts. By the firft is obtained 
an approximation for beginning the computation. The rule, although 
intricate in praftice, is as accurate for very excentric orbits, as for orbits 
of fmall excentricity, and in this the merit of the method confifts. By 
the fecond part, the approximated excentric anomaly is correfted. His 
method of correction is, as may be readily fhewn, deduced from a 
combination of Kepler's and Newton's firft method ; but the author 
has not acknowledged this circumftance. 

Thomas Simpfon, who ranks fo high among the Britifti mathematici- 
ans, exerted himfelf on this problem with his ufual ingenuity .f His two 
firft methods may be confidered as illuftrations of Newton's firft me- 
thod. In his third method he obtains the true anomaly, by reverfing 
the fcrics for exprefling the mean in terms of the true; and from this 
folution he deduces a fhort approximation for the true anomaly, but 
limited, as he obferves, in point of exaftnefs. This pra&icalrule is 

juftly 

* Phil, Tranf. Vol. 40. Abridg. vol. 8. 
f Simpfon's Eflays, p. 41. Mifcell. Trafts, p. 46. 
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juftly commended by Lalande,* as affording a fhort iand accurate 
method of computation, in tirbits iiot very excentric^ It is confiderably 
more accurate than either the approximations of Boulliald or Mer- 
cator, and nearly as ready in pra&ice as either of their rules. Simpfoh 
compared his rule with the methods of Boulliald and Ward : but by a 
reference to the paflage, it will appear that Simpfon mifiook the nature 
of Boulliald's corre&ion, and therefore he erroneoufly makes Ward's 
and BoulliakTs methods nearly equal in point of accuracy. 

In his mifcellaneous effays, he computes the correftion to be 
applied to the mean anomaly, to obtain the angle at the higher focus, 
His motive for attempting this method of folution feems to have been 
to (hew how the accuracy of rNewtbn's fecond method of finding the 
anomaly might be farther extended, arid alfo to correct fome miftaken 
notions that had been entertained refpe&ing Newton's folution. 

Dr. Matthew Stewart has given alfo a folution of Kepler's problem,! the 
geometrical elegance of the demonftration of which is to be much ad- 
mired, as well as the great accuracy of the method, in refpeft to the 
planetary orbits. His method confifts in obtaining an approximation for 
the excentric anomaly and then correcting that firft approximation^ 

The firft approximation is precifely the fame as the above mention- 
ed one of Caffini. But Stewart's correftion of his approxima- 
tion is more accurate thaji Gaflini's cori-e&ion of his approximation. 
For, as is hereafter fliewn, the error of the' excentric anomaly deduced 
by Stewarts's method depends, only on the feveiith and higher powers 
of the excentricity. This method does not appear to furnilh readily a 
continued approximation the contrary of which is Hated in the Life of Stewart, 
published in the firft vol. of the Edinburgh Tranfaftions. It may alfo be ob- 
ferved, that the firft approximation, correfted by Newton's method, de- 
pends only in the feventh and higher powers of the excentricity and 
the procefs is fomewhat more Ample than by Stewart's method. 

Vol.. IX. ( M ) The 

* Lalande's Edit. Halley's Tables, vol. 2. p. 23. 
f Edinburgh Tranfa&ions, " Svo, vol 3> pag, 105, 120. Stewart's Tra'&s, 
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The laft indirect method which I have noticed, and I know of none 
of any confequence later, is De la Caille's.* Lalande recommends 
this in praftice, and has himfelf given a demonftration of it: 
But it does not appear to be fo convenient in praftice, as De 
la CailleV improvement of CaffiniV fetation, except when the true ano- 
maly is very nearly kaowti j for, as is hereafter fliewn, the refpe£ive 
corre&ions proceed according to the eccentricity, and confequently in 
excentric orbits, muft be repeated many times. Indeed, in examining 
the accuracy of a table of equations of the centre, this method is 
very convenient. 

I am aware that there are other fdutions of this problem, not ex- 
amined here, fome of which did not require notice, and others, as 
Lorgna a s arad Trembley's, cited by Montucla,t I have not feen, but fup- 
pofe if they had f urnifhed any confiderable improvement they would 
have been detailed in the laft edition of Lalande's Aftronomy. 



Of the Series for expr effing the excentric and true anomaly in terms of the 

mean anomaly. 

Let m e= the mean anomaly to radius unity^ e = the cxcentricity of 
the orbit, the femiakis major being alfo unity, and let c and a repre- 
fent the excentric and true anomalies refpe&ively, then 



c—m—esim J ire s, 2m~- e . 31, yn^sfti +t 2 s 9 4m — s, 2m+ &c. 
1.2 1.2.4 1.2.3 

a—m 
* Mem. Acad, 1750. Mem. Acad. 1755. Lelandc's Ed. Hall Tab* 
f Hift. Mathem. yol 2 v p. 345- 
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a=m— ies 9 m+$e s, 2m+%s 9 m7e* — \$s 9 2m *) 4 » 

Thcfe feries are herfe given to,ferve for fcales of comparifon, as it 
were, to the different feries hereafter inveftigated from the refpeftive 
hypothefes examined. It is fufficient for my prefent purpofe, merely 
to ftate the feries without entering particularly into their inveftigation. 
They are to be met with in various authors.* I fhall only obferve that 
the feries for c 9 is derived from the equation c=zm-es 9 c* This equation is 
readily folved, and alfo any fun&ion of c found by a remarkable and 
elegant theorem invented by Lagrange,t and afterwards demonftrated 
by Laplace. The latter theorem for the true anomaly has been invef- 
tigated by feveral authors by reverfing the feries for exprefling the 
mean anomaly in terms of the true. It has been deduced by others 
from firft finding the excentric from the mean, and then the true from 
the excentric anomaly. The latter mode is adopted by Laplace, 
in his incomparable work " Mecanique celefte." This great mathe- 
matician has there given an inveftigation ftrikingly elegant. He firft 
has obtained, by an ingenious transformation, the law of the feries 
exprefling the true in terms of the excehtric anomaly and excentricity. 
By combining tHis conclufion wHh the fenes for die excentric anomaly, 
and the fines of its multiples, the feries for the true anomaly may be 
continued at pleafure. 

It is hereafter pointed out, how the fame feries for the true ano- 
maly, in terms of the excentric, may be obtained without the intro- 
duction of impoffible quantities. The law of the feries, indeed, is not 
demonftrated, but only coile&ed by induction-; yet it may be a quef- 

( M 2 ) tion, 

* Lagrange Berl. A&. 1769. CouGn f s Aft. Phyf. 43, 44. Laplace Mecanic[ue 
Celefle, Liv. 2. c. 3, 22. Lalande Aft. vol. 3. TraD. R. I. A. vol. 7. 347, 350. 

f Bed. Acad. 1768. 
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tlon, in many inftances, how far the demonftration of a law by the 
introdu&ion of impoffible quantities, exceeds in evidence, a concluiion 
obtained by indu&ion- 



On Kepler's own Solution of his Problem. 

Kepler having fatisfied himfelf,, that the orbit of Mars was an el- 
Jipfe, and that equal areas were defcribed. in equal times about the Sun, 
in one of the foci, reduces the problem of finding the cosequate or true 
anomaly from the mean, to. this,* " Aream femicirculi ex quocunque 
" pun&o diametri in data ratione fecare," and obferves " mihi fufficit 
" credere folvi a priori non poffc propter arcus et finus n^oymav. 
* c Erranti. mihi quicunque viam monftrabit, is erit mihi magnus Apol- 
" lonius." 

Accordingly, he hiinfelf has recourfe to a tentative method of folu- 
tion ;f he affum<es the - excentric anomaly,, and then computes the mean 
anomaly 5 the error of the mean anomaly fo computed, he applies to 
the firft, affumed, excentric anomaly, and with the excentric anomaly fo 
corre&e<3,. he repeats the operation, as- often as neceflary. This mode 
of computing the excentric anomaly is derived from the equation, 

in zz c -\- c j, c 

which equation follows from the equable defcription of areas. 

From this equation it is evident that the error of the affumed va- 
lue of c differs from the error of the computed, value of m x only by 
a quantity to, which c has always a greater ratio than i : e. There- 
fore, regarding the value of^ in all the planets, the excentric anomaly 
by repeating the operations, rapidly converges to its true value. The 

excentric 

* Kepler de Motu Stellx Martis, p. 300. 
f Kep. Epitome, Aft. p* 695, 
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excentric anomaly being found, the true anomaly is had by a well 
known theorem. 

This folution of Kepler's is perhaps, in practical value, little inferior 
to any that has been fince given j it obvioufly requires only two im- 
provements, a near approximation to begin the computation, and alfo 
at once; from the error of the computed mean anomaly, to- derive the 
correction of the firft aflumed excentric anomaly. The fecohd Caffini* has 
given a rule for the former, and applying this rule of Gaffini's to a me* 
thod given by Sir Ifaac Newton,f a correftion is at once obtained, which 
will give the excentric anomaly, true to lefs than a fecond in all the 
planets, as is hereafter fhewn. 



On Boulliald's firjl Hypothejis and its /implication by Seth Ward, com- 
monly known by the name of the fimple elliptic Hypothejis. 

Kepler's difcoveries refted fimply: on obfervations, and on obfervatibns, 
which, from the neceffary imperfeftion of inftruments, Were liable to 
errors within certain limits.; Any other hypothefes which would agree 
with obfervatibns within thefe limits, were confidered as equally en- 
titled 1 to notice, as tlie laws of Kepler; Accordingly, Ifmael Boulliald, 
one of the grcatefl mathematicians of his time, adopted' only the ellip- 
tic orbit, and not the equable defcription of areas, Defirous of deriv- 
ing the inequable motion in the orbit, from an equable motion, he fup- 
pofed " the ellipfe, in which the planet moved to be a feftion of # 
<c certain cone, the axis of which paffed through the higher focus, and 
" in which ellipfe, the motion was fo regulated by fome phyfical caufe, 

" that 

* Mem. Acad. 1719, f Math. Prin. Nat. Phil, Lib. u Sect. 6. Schol. 
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" that the line joining. the planet and vertex of the cone moved with 
" an equable motion/' 

This ? complex hypothefis Seth" Ward fliewed* to be precifely the fame 
with regard to the motion in the ellipfe, as an equable motion about 
the higher focus. At the fame time he gave two methods of compute 
ing the true from the mean anomaly on this hypothefis. One of them 
was furnifhed by Neil, who is celebrated as the firft that ever ex- 
hibited a right line equal to a curve. This rule of Neil Vis the ele- 
gant and fimple one now fo well known, viz. " As the Aphelion dis- 
tance : Perhelion diftance : : tang, of half the mean anomaly : tang, of 
half the true anomaly." Ward afterwards afiumes, in his Aftronomia 
Geometrica, - this as the law of a planet's motion, and ftates himfelf 
indebted to Boulliald for the hints that led him to the difcovery. Boulliald 
is one of thofc to whom he dedicates his Aftr. Geo. in that dedication 
he fays, " magna certe illius laudis pars in teipfum *edundabit, qui 
<c aflronomia philolaica me ad hanc rem excitafti, promovifti, atque motus 
cc sequalitatem ad axem Coni adeoque (uti in inquifitione noftra ex 
" principiis tuis oftendimus) ad umbilicum alterum ellipfeos referendo ad- 
" juvifti. ,5 t This appears furprizkig, when it is confidered that the an- 
cients conceived an equable motion, about appoint -within the circular 
orbit, equally diftant from the centre as the- earth was. The tranfition 
from this to the upper focus of the ellipfe was obvious. Kepler himfelf 
remarks it more than once ;f but did not attempt to'fliew its conne&ion with 
the equable defcription of areas. Ward, which is ft 111 more remarkable, eon- 
fidcrs} himfelf as having folved the problem propofed by Kepler. How 
could it cfcape him that/ the. problem he had 'folved was not the problem pro- 
pofed by Kepler, unlefs it had been' fhewn that the equable motion about 
the higher focus refulted from the * equable defcription of areas? 

The • method of Ward muft however, always be confidered as an 
elegant and ufcfu), -although not a near approximation, cxcqpt when the 

orbit 

'* Inquifitio in Aftr. BouH. 

*[* Epit. p. 673, 681. 
X Pr*f, ad Aftr. ^Geora. 
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orbit is of fmall excentricity. It cannot, neverthelefs, be denied that 
Ward has obtained more merit than his fhare in it deferved. 

Let us proceed to enquire its exaft value j for this purpofe the fol- 
lowing theorem is neceffary, which will alfo afterwards be referred to, and 
may be of ufe in other enquiries. 

Theorem. 

In a plane triangle, let half the t>afe be e, and half the fum of the 
fides be unity, and one of the exterior angles at the bafe = m (rad* 
unity,) then the c ri )ofite interior angle will = 

2 3 4 

m — 2*r, m+ze s, a??i-~ ze_ s, 3^+2£ s, 4m— &c. when e islefsthan 1. 
~ z 3 4 

Demonftration. Let # =the interior oppofite angle, 
then by. Plane Trig. i-\-e : 1— e : : U r \m : t, \a 

therefore log. f, ^a=log. /, \m — log. i+^+log. 1 — <?, or making 



"2 



e and a vary \a — = 2e o r a x 1— c =—2es, a. 

In order to find, from this equation, the . value of a correfponding 
to any values of e and ///, in a feries afcending by the powers of e, 
let the fucceffive fluxions of this equation be taken per Saltum, # mak- 
ing e = 0) and a = ;;/. 



then a—ieacsjn or a=2e "s 9 2m x when "ezze 
a —%e azz—zes, a or a zr— ie s, $m 



* Se« Tranf, R. Irifh Academy, toL 7. Mem. p. 321. Prpb. 2. & 3. 



9 6 



<* — 3* flr:— 2<?j, a or **." — 2* j, 47;^ 

~ 4 

& — 12£ # zz— 2^j, # or <? — — 2e s 9 §m 

~^T 5 
&c. &c. &c. 



Hence Gzzm+a-^+&c.—m~9es, ;;?-H£ j, 20*— 2* ,?, 3/W+&C 
3 1 3 3 

Obfervation. It is well known that 



\/i+e i\/i—e ; : t y ~c : /, ia, ^ Esfc being the tmc «ind cxccntric ano- 
maly of a Planet. 
or/, i#=/, i*\/ 1 + tf 
1— e 



now if for v /l +^ be fubftituted i+'e' and the flux* of the equat. taken. 



I— £ l—£'. 



0x1 — ^ =-—2^ a which equat/is predfely of the fame form as that 

from which the feries in the above theorem was derived and therefore w 

the fame manner we have 

1.2 3 4 

a^zc—ie* s, c+z£ j, zc—od s, $c+2£ $ 9 - 4c— &c. 

~ I 3 4" ■ ■ 

andjbccaufc x/H-^H^', <f= c . This is the fame conclu- 

1 — c 1 — c r i+^/T^?- 
lion as Laplace has deduced* by a very ingenious ufe of impoffible quan- 
tities. 

From the above theorem it immediately Follows that the anomaly 
computed by Seth Ward's method. 

^ztn — nesj m+ie s, 2111 — ic^s> 3//i+2£y*. 4m — kc* 

~* ~3 4 

comparing this with the true anomaly, 

m — 

* Mecanique cekfte, xome i. p. 170, 
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wz— zesfn+ie s, Qm+{s 9 m *? e — ¥ 4 s, 2m 7 4 . 

— 'lis, $m 5 + I S|J,4« 3 * 
the correction to be applied to Seth Ward's anomaly appears to be 



3 



The maximum of this correction in the orbit of Mercury, amounts to 
33 nearly. In the orbit of Mars to nearly f y\ 9 a quantity readily dete&ed 
by the obfervations of Tycho Brahe ; and hence this hypothefis was 
juftly difregarded by Kepler. 



On BouUiald's correction of Seth Ward's Hypothefis. 

Boulliald, difpleafed at the treatment he had received from Ward, 
in return (hewed that the hypothefis of equable motion about the higher fo- 
cus, "would not give the places of Mars agreeably to obfervation, and 
propofed the following conftru&ion, for determining the place of a 
planet. A conftruftion admitting of an eafy calculation. 

Make the angle AHR = mean anomaly (jn), H being the higher j t 
focus, draw D R(^ parallel to the axis minor, and meeting the circle 
in C^, and draw QJP H interfering the orbit in B, which will be the place 
of the planet. 

To compare the anomaly fo determined with the true anomaly, the 
value of P S H (a) is to be obtained in a feries afcending by the 
powers of the excentricity. 

Let Q^H A = %, then 

tang, z : tang, m : : i : \/i — e or log. /, s=log. /, m — \ log. x — >e 
from which equation, by taking the fucceffive fluxions per Saltum, % will 

be obtained. When e=o and %~m and e is conftant* 
Vol. IX, N u z= 



9« 



!• ZZZO 



2. z=\e 7 s 7 %m 






z=e s y 2m 


3 






?~~4 


3. z =0 








4 








4. z — 2.3? z=. 


• 2 

2 


^23 or 2 = — xe j, 4/;z &c» 

1.4 32 


2 
Therefore am/i+J* s 9 


aw- 


4 

— 3*£ J, 4m &C. 



and from thence j, «=.*, .*»+§* ^ 3»*+J* w* 

2 

J, fi»=J, Ml+^e J, 27/J 

But by the above theorem 

The < P S H= z—2es 9 z+2e s, 2z—kc* 

12 
in which by fubftituting for z s,z &c. 
The < P S H or BouIIiald's anomaly 

= m — 2'es 9 m+{e s 9 2m— I 4 s, nt \e +\s 9 2m ? 4 ^ 

comparing this with the true anomaly, its corrc&ion will be found to be 

\s, m 7*'-^, a;;i 7 / &(% 
— xJj 3 ; " 3 —i**7 4M 3 

The maximum of this corre&ion in the orbit of Mercury, is nearly 
ad ; in that of Mars nearly 2', a quantity fcarcely difcoverable by the 
obfervations of Tycho Brahc. In the orbit of Jupiter the greateft error is 
nearly 16", in the earth o". So that this method of computing the anomaly, 
was, in refpeft to the obfervations by which Boulliald examined his hy- 
pothecs, fufficiently .accurate for all the planets except Mercury* It 
appears alfo, from what has been done, that the maximum of error, 

in 
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in Ward's hypothefis : max. of error in Boulliald's 1:3: Se nearly 
when c is final]. Hence, for all the planets the hypothefis of Boul- 
liald is more accurate then that of Ward, and by no means deferves 
the cenfure that has been paffed upon it, by fomc authors. Emerfon 
obferves,* the corre&ion of Seth Ward's hypothefis given by Boulliald, 
only mends it in fome places^ and in others makes it worfe. Simp- 
fon, as I obferved, miftook this corre&ion. He fuppofedf QJHL A to 
be the mean anomaly, and R the place of the planet. On this fuppo- 
fition he found the error much the fame as the error of Seth Ward's 
anomaly. Montuclaf fays, that Boulliald's hypothefis cc ne vaut pas 
micux." 

Indeed, it is remarkable how much Boulliald has been mifreprefented* 
Adam Smith, in his Hiftory of AftronomyJ fays " Thus_Boul- 
" ltald, who cenfured this hypothefis of Ward, invented another of 
u the fame kind, infinitely more whimncal and capricious/' Then he 
proceeds to give, not the fecond hypothefis of Boulliald, but the firft 
hypothefis to which Ward had {hewn his own hypothefis equivalents 



Of Mercator's Hypothefis. 

Mcrcator, not fatisfied with either of the hypothefes above men- 
tioned, invented what he calls his new hypothefis, which he confidered 
as more accurate than any preceding one. With what juftice, I {hall 
proceed to examine, by comparing his anomaly with the true ano- 
maly. He himfelf compared it with forty-two places of Mars obferved 
by Tycho Brahe. 

His hypothefis was as follows, 

N z Let 

* Emerfon's Aftron. p. 208. 
f E/Tays, p. 48. 
I Hift, Math* Tom. z. Edit. 2, .page 340* 
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Let the diftance between the foci be divided in extreme and mean 
Fig. 2. ratio, about the dividing point, (nearer the higher focus) let a circle 
be defcribed with a radius, equal the femiaxis major ; from, the upper 
focus draw a line interfering the circle and making with the axis 
major an angle = the mean anomaly; and join the point of interfec- 
tion, and the lower focus by a line, which will cut the ellipfe in the 
place of the planet, according to Mercator.* 

Now if M be the point of divifion, let MH= (3— y^x*)— ne * 
Let D S H" a, and M D H=a? 
then 1. j, x=:nes> m 
and j, H : j, S D H : : S D : S H 
j, D S H : s, II M D : : M D : S D 



Therefore j, mxs, a : s 9 m — axs> m — .v : : 1 : ic 



or 2. s, m — axs, m — x=ies 9 ?nxs 9 a 

Let the fuccefTive fluxions of thefe equations be taken per Saltwm 

When a=m, x~o 9 e—o and c is conftant we have 

1. x~nes, m — a~ies 9 m 

* • • • •• • • 

2. x— —as, m-\-iaxcS) ?nzz2smx2aea 9 ?n 

3. &c. — a~\-a -\'$axcs 9 m + $axs 9 7)i— 

• •• • • 2 2 

~2.yas 9 mxes, m — ica s, m 

Hence, 

'* Montucla, Hift. Math. Tom. 2, p. 340, has dated this hypothecs very imperfectly 
and inaccurately : his words arc, " Nicoles Mercator y fit dans le fuite, une correc- 
" tion. II partagca la diftancc cntrc Ics foyers dc l'cllipfc in moyenne et extreme 
" raifon, dc forte que !c point dc fcclion tombut au dela du centre a Pegard du foyer 
" occupe par la planetc ccntralc, ct cc fut ce point qu'il frit four centre du movement 
" moyen" 



1 01 

Hence reducing thefe equations, 

' • • • 
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=m—2esm-\-i,z$6oje s, 2m+o ? ygS^ye s, ;;*•— 1,28407* s, 3;;: &c. 

1 '3 ' • 3 

but true anom.=*» — 2esm-\-i 9 2$e s, 2/72+0,25^ s, m — 1*08333? ^,3/;* See- 
Therefore the error of Mercator's anomaly 

2 3 3 

= — 01393? j, 2^+0,54837^ s 9 m — 0,20137? j, 3;;/ &c. 

The greateft error in the orbit of Mercury will be 22 / 7 } nearly^ 
and in the orbit of Mars of 7". Hence this hypothefis of Mcrcator gives 
the place of a planet fomewhat lefs accurately than Boulliald's correc- 
tion of Ward's hypothefis. 

The following Table fhews nearly the maxima of the errors of the 
three hypothefes of Ward, Boulliald and Mcrcator, for all the planets. 





Mercur. 


Venus 


Earth 


Mars 


Ceres 


Pallas 


Jupit; 


Saturn 


Georg. 


Ward 


33- 


n 

2 


15 


\ 


sk 


57 


2 


V 
2 ' 


2 


Boulliald 


V 

20 


O 


1 • 


I. 52 


\ tt 
i. 8 


39- 49 


w 
16 


24 


w 
14 


Mcrcator 


22^ 


O 


1 


2. 7 


1. *9 


V 

45 


tt 
*9 


29 


16 



The mean anomalies, when the refpe&ive errors of thefe hypothefes 
are greateft, may be found fufficiently near as follows,. The' errors deduced 
will in Mercury and Pallas, differ a few feconds from the truth. In 
Seth Ward's hypothefis m= 9 7854+ 3_e + j_j-\ In Boulliald's m—go 

2\/2 3 

and in Mercators, the cofine of m = -,2H_7. This laft cxpreffion evi- 

e 
dently will not apply to the Earth and Venus. For them, ftriftly, the 

folutiou of a cubic equation is neceflary, but the limit of the error is 
otherwife obvious. 

On 



On Newton 9 s two practical methods of fohing Kepler 9 s Problem. 

Both thefe methods* are given without demonftration. The for- 
mer confifts in obtaining fucceffive approximations to the excentric 
anomaly. Keil has given a demonftrationf of it, but has not affign- 
ed the rate of convergence of the Newtonian feries, from which arifes 
the great value of this method. 

It may be explained and demonftrated from the confideration of the 
equation c~m — e s 9 c by which the rate of converging will be pointed 
out. 

Let a near affumed value of c be c and let c~c+c 

r 

tt / 

let alfo c= m — cs y c 

then becaufc c+c~m — es, c+c 
i t 



wehaved:+r — c=exs 7 c — s, c-\-c 

t t 



now s,c+£=s 9 CXcs 9 e+cs 9 cX>s 9 c 



but r/, e=i — ±^+kc. and s, c=t — i c 3 +&c, 
/ / / -— / 

2.5 



Therefore c-\-c-c—-ecxcs>c — [cs, c not regarding c 3 &o 



# / $ 



n 1 // 4 

t C € C 

or c~ ■ = nearly. 



/ 



1 -Ycxcsc \ CSC I +CCS, c 

t 



Newton's 



* Prin. Math. Nat* Phil. Lib. 1. Sett. 6, Schol. 
I Phil. Tranf. Keil's Aft. 25 Sett. Horfley's Newt, toI. 2, page 133. 
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// / 
C — C 

Newton's firft approximation is <;=— - , or rather 

N i+ecs, c 

\\ \- l l \ 

c :c—c :: — : *— +csc, as will appear by a reference toliis rule and if inflead of 

x e e 

c — c — c 

c, c+c thus computed be ufed, and then c=//z— es>c+c and c=. 
» ... t\* 



i+ecs,c+c 
be computed c+c+c will be a nearer approximation to c, which may be 

continued at pleafure. 

With refpeft to the rate of convergency of the quantities 

\ 
\ 

c+c, c+c+c, &c. to c. 

\ \ \\ 

c — c \ccsc. 
We have c = * x i Now if the error of c be of the fame or- 

V 

i+ecsc i+ecsc 

w s 
der as the firft power of the excentricity, the quantity c — c may be of the 



c — c \ccsc 



fame order and .\ the error in c arifmg from negle&ing — , x ma y 

\ \ 

\ 

i-\-cac i+ccsc 
be of the order of the third power, becaufe c and c are of the firft power. 

Hence affuming the excentric anomaly = the mean anomaly, the error 
after the* firft Newtonian operation cannot be of a higher order than the 
third power of the excentricity, becaufe the difference between the mean and 
excentric anomaly = e s, a By the fame reafoning, if the excentric 

anomaly 
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anomaly corrected by the firft operation, be ufed, the error in the fe- 
cond corre&ed excentric anomaly will be of the fame order as the 3 + 
3 + 1 = 7th power of the excentricity. The error of the next will be 
of the 15 th, '&c. 

Hence fuppofing the error of c of the order of the firft power of ^xcentricity 

the error of c+c will be of the order of 3d. power. 



\ 
\ 



of c+c+c of 7 th, 

\ w 
\ 

of c+c+c+c of 1 5th. 

\ v\ \\\ 

\ 
of c+c+c+c+c of 31ft. 

\ \\ \\\ WW 

Hence this method is general for any elliptic orbit, however excen- 
tric, as Keil juftly obferves.* 

On Newton's fecond Method. 

This method coiififts in finding the quantity to be applied to the 
mean anomaly, to find the angle at the higher focus, which being known, 
the angle at the fun is had by the common proportion. The two correc- 
tions given by Newton, arc of the orders of the fecond and third powers 
of the excentricity, and the higher powers are neglefted ; confequently 
this method will not be fufficient for the orbit of Mercury, and to cor- 
rect it farther, by extending the terms^ would require the fame trou- 
ble as computing direftly by the feries, the true from the mean ano- 
maly ; fo that this method offers nothing to be particularly remarked. 

However, 

'* Newton's Anomaly is reckoned from Perihelion. 
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However, as commentators have laboured much in inveftigating* New- 
ton's corre&ion, it may not be improper to give the following eafy 
method of deriving terms equivalent to the terms of the Newtonian 
feries, which may, at the fame time, ferve to fhew that the inveftiga- 
tion of the angle at the higher focus muft be as tedious as the djireft 
method of finding the angle at the fun. 

Let the angle fought AHP-™, DCA=r, the mean anomaly =m, jrj g# 3 . 
AC=i and CH=e. Then from the equable dcfcription of areas, 

7»=r+w, c 
Alfo by the well known theorem for finding the true from the excentric 
anomaly, 

v/r+7: s/i^c : : tang* {SCD : tang. ^SHP 

But tang. iSCD=tang. 180— DCA~co-tang. ^DCA 

and tang. ;SHP=co-tang. ' 2 PHA 

Therefore */i+e : +/% — e : : co-ta. \c i co-ta. \w : : ta. \w : ta. \c 
or log. tang, ko=:log. tang. k44log. i+e 

i— <? 
Taking the fluxions of the equations thus obtained, making only e, c 
and 10 variable, we have 

c+cs, c—o | 

. . . i 

w — c JL t 

s>w s,c i — ej 

» *• 
From which equations the rcfpe&ive values of to, io 7 to % &c. are to 

be obtained when e=o and c=w=m by taking the fucccflivc fluxions of 

thefc equations per Saltum. 

i» c-\-es> m=zo f 

. . . ( therefore c=^-csm and w -o 

Vol. IX. ( O ) 2. 

* Simpfon's Tra£ts, pag. 49* Hovflcy's Newton, toI. 2. p. 135% Emerfon's Com- 
ment. Lc Sccur & Jaccjnier. 
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2. c+ztccs, m=zo i 

\. •• • «t » a 

therefore *=£ a s, %m and w—\e s y lm 



• • • »2 Cf#J I 



3> c+$exccs 9 m — c j, m=zo 

w^c—zcccsm—c 3 + a* 3 fJ , ^ h therefore w=4* J -mzzym—s, $mc 
- J 

i, 711 S ^ 711 J 



Henee w~m+\e s, zm+le . s, m — js, 37/2+&C. 

which terms are eqnivalent to the two corre&ions applied by Sir Ifaac 

Newton, 

On the fcconcl CqfftnVs method.* 

The method of Caffini, now in order to be examined, is perhaps 
both the moft elegant that has yet been invented, and the mod readily 
%• 4- deduced from the equable defcription of areas, and is alfo, in the plane- 
tary orbits, of very great praftical value. 

Let P be the place of the planet, and AI the excentric anomaly. SB 
perpendicular to CI. Let AD = the mean anomaly, and draw DT per- 
pendicular, and DO parallel to CI. Then becaufe DA is the mean 
anomaly, the area DCA = SAI = SIC -|- ICA, and therefore SCI =DCI 
confcqucntly SB = the arch DI. 

Hence three approximations are derived by Caffini. i. SD is nearly 
parallel to CI, therefore if the angle SDC be computed, DCI will be 
found nearly, and confequcntly ACI the excentric anomaly. 

2. SO =l DI — DT. And therefore when the excentricity is not 
great, the mcafure of the angle SDO=DI — DT nearly. This latter 
quantity being taken from SDC, the angle DCI is obtained. 

5- SD: 

* Mem. Acad. 1 719^ Caffini Elem. Aflx. vol. 1. p. 143. 
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3- SD : SO=DI-DT : : rad : i 9 SDO. Hence, by computing SD, 
a more accurate value of SDO will be had, and therefore a more ac- 
curate value of ODC=DCI. 

TO obtain the fecond approximation, Caflini gives a table containing 
the difference of the arches and their fines for a few. of the firft de- 
grees of the quadrant, a table which is eafily extended. 

The refpe&ive degrees of accuracy of thefe approximations may be 
inveftigated as follows. 

i. We have CD+SC : CD—SC : : *, i^DCA : /, Z.DSC— z.SDC 

2- 

or i +e : i— •<? : i /, \m : t, \w 

which is the fame proportion as that in the preceding theorem, 

2 3 

whence w=m— *<?/, m+le s, 2?n — \e s, $m+&c. 
Indeed it is evident the angle /.DSC— ^SDC= Seth Ward's anomaly. 
For the triangle SCD is fimilar to the triangle formed by the diftance be- 
tween the foci and the axis major, including an angle equal to the mean 
anomaly according to Seth Ward's hypothefis. 

Hence SDC=£f, m — \e s, 2m+{e j, yn — &c. 
But in Caffmi's firft approximation DCI is taken equal to SDC there- 
fore according to that approximation ACI the excentric anomaly = w— 

2 3 

es 9 m+*es 9 i?n — \e s, 3;/*+ &c. Or the excentric anomaly=^ the mean ano- 
maly-}-^ Seth Ward's anomaly. Taking the difference between this and 
the true excentric anomaly we have the error of Caflini's firft approxima- 

3 3 3 4 — : 

tion =7^ . $sm — s, yn Qe s , m) +e . T U> 4#* — ' z s 9 am &c. in which 
the third and higher powers of the excentricity only are concerned. 

This quantity, when a maximum in the orbit of Mercury, is $ K 
nearly, in the orbit of Mars only 20" &c. " 

The facility with which this near approximation may be obtained, 
renders it highly valuable, when combined with the method of extend- 
ing at pleafure the approximation. It alfo defcrves notice, from the 

( O 2 ) elegance 
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elegance of the conftru&ion fo readily - deduced from the equable de- 
cryption of areas. 

2. If SDO could be accurately computed, DCI, and therefore the 
excentric anomaly, would be had dire&ly. But SO is computed from 
taking SB— BO= DI— DT, when DCI is taken equal to SDC, and 
hence one fource of error. Another fource of error arifes from taking 
SD=DC, and therefore SO for the meafure of the angle SDO to 
the radius DC 

The computed value therefore of SDO to radius CD .=SQ=SB— BO= 

3 3 3 4 2- 

DI— fine DI= DI — &c. —\e s y m—\e s , mxs 9 am &c. confequently 

1 3 

the computed value of ACI—ACD — I)Cl=:;// — cs 9 m-\-\c s, 2m — e . 



U* V n — ^> m '\' c • iV» 4™ — I St > am— &c. this quantity is lefs than the 



4 



excentric anomaly by e . i- s s r 4m— ^x, 2?n &c. The maximum of which 
is when m = 6o p or 120 , and therefore in the orbit of Mercury 
is, regarding only the fourth power of the excentricity, about 20". In 
the orbit of Mars, and all the planets except Pallas, lefs than a fe- 
cond. 

This fecond approximation is almoft as readily derived, as the firft, 
confidering how eafily the arch equal to the difference between, an arch 
and its fine may be obtained. 

The true value of DS being ufed the error of SDV arifes only from 

the error of SO. But becaufc SO=_ — &c. and that the error of DI 

depends only on the third and higher powers of the excentricity DI, 
itfclf depending on the firft power, it follows that the error of SO will 
depend only on the fifth and higher powers of the excentricity. In 
praftice however, it is more convenient to ufe only the firft or fecond 
approximation, and then if the excentricity of the orbit requires it, to 
obtain a farther corre&ion, by. the method hereafter pointed^ out.. 



On 
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On Machines Method.* 



The accuracy and convenience of the methods hitherto examined ex- 
cepting the firft method of Newton, depend on the fmall excentricity 
of the orbit ; and therefore they are only applicable to the planets. 
They would be ufelefs for the excentric ellipfes in which the comets 
move* But the problem is othcrwife folved for the parts of the or- 
bits in which the comets are vifible to us. That a complete folution 
to Kepler's problem might be given, equally applicable to all orbits, 
Machin propofed his very ingenious method, which does not at all de- 
pend on the excentricity. For the planetary orbs indeed the method 
as given by the author, is not fo convenient for pra&ice as other me- 
thods. However his method may be rendered confiderably more Am- 
ple in pra&ice, as is hereafter pointed at. In examining this method, 
the method itfelf is firft briefly and fomewhat more fimply ftated, than 
is done by the author in the Phil. Trans, a limit of the error of the 
flrft approximation is then (hewn, and alfo the rate of convcrgency of 
the fecond approximation. 

The firft approximation may be explained as follows. 

Let m — the mean anomaly (rad. i ), c = the excentric anomaly rec- 
koned from perihelion, for a reafon to be hereafter affigned, the femi- 
axis major = i and the excentricity = e* 

Then m = c — esj^ let c = na 9 a being an arch, the fine of which 
is s and n a number to be determined hereafteh 

Then m = na — es 9 na. 

Therefore by the feries for the expreffing the arch in terms of the 
fine, and by the feries for expreffing the fine of the multiple arch. 

* Phil. Trans, vol. 40. Abridg. vol. 8. 
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«x : *+ * + "2li — ? + 1, 3'3'5'5 , +& c . 
2-3 a«3-4-5 2.3 . . 7 



7/2= < 



a — 1 3 » — \.n — 3 j »— 1...» — 5 , 

enX : fS-\ s — ■ ■ s + ■ s &c. 

a. 3 2.3.4.5 a . 3 . . . . 7 



If exn ~ i . # —-3 =9, the co eff. of j $ =oand »=v^S+V / 9+ lJ ^ 

now as e cannot be greater than unity, this value of n can never be left 

— c 

ttan^/to and therefore with it j (==fine -) will be always fo fmall that Ac 

n 

above feries will fwiftly converge. 

The equation becomes taking this value of n. 



m — «— u £+1 3 n 7 
— =1 — e s+ « .— — — * +— j +&c 
« 2.3 560 

negle&ing the terms after s the value of s is had nearly by the refolutioa 
of a cubic equation, and /being found na or c is thence computed for the 
firft approximation. 

Had the motion been reckoned from aphelion, the value of n would 



havebeeny/5+^9— 16, and therefore would not have been generally 

£ 

poffible. 

To correft this approximated excentric anomaly ad libitum, Machin 
computes by it the mean anomaly correfponding, by Kepler's rule, and 
the error of the mean anomaly fo computed, he divides by the planets 
diftance from the fun, the quotient is the correction to be applied to 
the approximated excentric anomaly, to obtain a fecond approxima- 
tion, &c. 

The 
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The author fhews by fcveral examples that in orbits of great and 
fmall excentricity the firfl approximation is always fufficient to apply 
the fecond rule with advantage. 

This will be feen generally by the following confiderations by which 
a limit of the error of the firft approximation is obtained for any value 
of c. 

The two feries above given each converge flowed for a given value 

c 
of c when n is Ieaft, becaufe then x (=x, — ) is greateft. The terms 

n 

omitted therefore bear a greater proportion to the terms retained, and 
confequently the error of the value of x determined from the cu- 
bic equation is then greateft for a given value of c. We derive then 
the general limit of the error of any value of c y by taking e=i and 

therefore tizz^/io* The equation becomes m=zx/io x * — s + — + &e. 

6 5 6 

Now it will eafily appear by confidering the formation of the co-efficients 

x 7 

of the two feries in the cafe of nzs^io that the terms — +&c. are all pofi- 

56 

tive and their coefficients converging. Hence the fum of the terma 

X 7 I X 7 

— +&c. omitted is lefs than — X But if the cubic equation 

56 s 6 1— * m 

10 3 a/io x 7 

/b=Viox — x be varied by adding — x to the right hand fide, the 

6 $6 1 — j 2 

r x 5 

variation of x will be nearly= x an d therefore of 

280 1— x* 

1 x 5 n \/io 2 3 

na- - X X — Xx X /, a. This quantity then will be al- 

280 1— x* cs r a 280 

ways 
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ways greater than the error of the firfl approximated excentric anomaly 
computed by the above method. When the mean anomaly is 180% s 
is greateft, and theti this quantity = i° 40' nearly. The actual error 
by computation appears to be r°. 13^. When the excentric anomaly 
is lefs than 23°, the above limit of the error will be lefs than a fe- 
cond ; fo that in every elliptic orbit, when the excentric anomaly is 
lefs than 23 , the above method will fuffice, without further correct 
tion, to find the excentric anomaly to lefs than a fecond.* 

The demonftration of the rule for a farther correction ad libitum^ the 
author has not given, nor {hewn the convergency of the fucceffive corrections. 

To demonftrate the rule. Let m be the mean anomaly computed from 

the approximated excentric anomaly c let m+nt and c-\-c be the accu- 

rate mean and excentric anomalies. 

Then m+m=c+c—es 9 c+c and #2=0— <es 9 c therefore 

\ \ V 

m=c — cecS) c+^c e j 9 c nearly, ncgle&ing the powers of c above the fecond. 



\c*es 9 c 



\ 



m * m 
Oiv= ^ -j- . nearly or c==J but 1 — ccs> £=the planets 

> \ / \ \ 

I CCSC 1 — CCSC I CCS, c 

diftaucc from the fun. Hence Machin's rule. The error of c from neg- 



1 § 

letting [c es, c mull always be very fmall, becaufe as was fliewn above 



c is 

* But it ought to be obferved that a fmall error, in the excentric anomaly, 00 
cafions a great error in the true anomaly computed from thence, when] the orbit is very 
excentric, and the body near perihelion, 
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c is never greater than — — and the errors after each operation will be 



nearly proportional to c , c , c , &c. But the limit very nearly of the 
error of c after the firft operation may be eafily obtained. For the error of 

c is lefs than s Xt 3 a therefore the limit of the error of 

280 

1 4 * j5 c 
c= x s x t 5 <*X ncarly.This quantity is a maximum when 

N 56X280 I — cs<> c 

£=169° nearly, in which cafe the quantity itfclf -.,0000 152=3 '''nearly. 

A&ual computation fliews the error in this cafe to be 2" nearly. 

Hence the following obfervations on Machines folution of Kepler's 
problem. 

1. His method of obtaining a firft approximation N is general for all 
elliptic orbits whatever, and will give the cxccntric anomaly always fuf- 
ficicntly near for corrc&ing it by his fecond rule. The greateft error 
is i°. 13^, viz. when the ellipfe is evanefcent, and the mean anomaly 
= 180 . When the excentric anomaly is lefs than 230 the ufe of tlie 
fecond rule is unneceffary, for then the firft approximation gives the ex- 
centric anomaly to lefs than a fecond. 

2. It will be very rarely ncccflary to repeat the fecond rule, for the 
cxccntric anomaly found by one operation will never err more than 2 7 
from the truth, and that only in the extreme cafe, viz. when the? el- 
lipfe is evanefcent and the excentric anomaly 169^. 

3. This folution, therefore, of Kepler's problem is complete, but the 
prafticc of it, particularly as given by the author, is not fo convenient 
in the planetary orbs as other methods. 

4. In the extreme cafe, viz. when c=i and therefore the ellipfe is eva- 
nefcent, this mode of folution becomes fimpler than in any other cafe, for 
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then fine tf=- — >. — - and the firfl: approximated excentric anomaly^^ 10 

This method may be rendered much more convenient for pra&ice in the 
following manner* 

The cubic equation to be folved is 
6. i— e 6m 
/+■ ~s -,— o 

» — i'.H-i n. n — i e+i 
This equation is readily folved by logarithms (fee page 57 of Dr. Maf- 
kelynes excellent and ufeful introdu&ion to Taylor's logarithms,) and the 
following pra&ical rule deduced. 

Compute log. ;;(=v / S-|-v f 9+* 6) which call A 



Sv'tt 2 — 1 e+i 

the log* of— - which call B 

57, 296 n.1^1 * 



8.1 — e which call C 

the log. of ^/ 

n 2 — 1 e+i 

Thefe logarithms are conftant for a given orbit and the computation of 
them will be facilitated by obferving that n=n/$+4 sec 9 a^a being an are 

the cotangent of which is * yV and */n % — 1 c+ 1 =fec. b, b being an arc the 



tangent of which is */n 2 — 1 . e. 

Then m being the degrees in the mean anomaly. 

log. /, 45°— iz+20 
Log. zh4-B+ io=Iog. /, %. =Iog. /, tu 

3 
log s (fine^)=C+Iog. ct. iu 

log. approximated excentric anomaly =log. a+ A. Four places of loga- 
rithms will be fufficient and the arcs may be taken out to the nearefi minute. 

On 
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On Dr. Matthew Stewart's Method. 

His firfl approximation is as before mentioned, the fame as Caffini's. 
Let AD be the firfl approximated excentric anomaly, and AB the mean lgi s ' 1 
anomaly ; then it readily appears that the area DSG = the fegmcnt 
BGD AC, being the excentric anomaly, Inftead of double the former area, 
Stewart takes its near value DG X perpendicular let fall from S on the 
tangent at D, and thence deduces a corre&ion to hii firfl: approximation, viz* 
DG : BD-j, BD : : /, ODS : s 9 BOD. 

To find the error of DG refulting from this proportion. Draw DL and 
Gm perpendicular to the tangent DC, and SL and GR parallel to the 1S * 5 ' 
fame. Now the area DGS=DSC— GDC=LCD— GDC, and LCD= 

GD 2 

^LDXCD=0 J DXGR— Cm, but C/rc=RDx/, mGc= x t>m Gc (AC 

2 

being unity) omitting the powers of GD above the fecond, alfo GR=GD 
omitting the powers of GD above the fecond. Therefore LCD=JLDXGD 
- ^LDxiGD^X/, mGc. The area GCD, as is eafily fhewn, depends upon the 
powers of GD above the fecond; hence, omitting the powers of GD above 
the iecond, DG&^LDxGD — iGD*x*> mG&. Therefore inftead of GD 
being found by the above proportion, the quantity GD— iGD*x/, mGC 

is deduced. It has been fhewn before that GD^le's \ m+kc. Hence it 
follows that the firft term of the feries expreffing the error of DG will be 

e* 

6 

~s, mxtjtnGC. It is eafily Ihewn that the tangent of mGC may be of 

( P 2 ) the 
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the fame order as e. Therefore the error of Stewart's corre&ed approximation 
depends only in the feventh^and higher powers of the excentricity. 

Hence this method gives the excentric anomaly with great precifion 
for all the planets, and even for orbits more excentric ; but the pra&ice 
of the method is lefs fimple than Caflini's firfl: approximation corrected 
by Newton's firfl: method, or by the method hereafter given. It alfo 
does not readily afford a farther approximation. 

* On Simp/on* s pra&kal Rale. 

Simpfon having deduced a fcries for the equation, finds the fum 

of that fcries, as fur as the third power of the excentricity inclufive, 

ics, m 
nearly equivalent to an arch, the fine of which is diminished 

aes, m 'Y? 

by \ of the arch the fine of which is — \ . The pra&ical rule thence 

i +lees 9 m 

arifing is full as eafy as the rule by the firfl approximation of Caffmi; but 
then no convenient method offers itftlf for extending the approximation by 
Simpfon's method. Simpfcri's anomaly computed by this rule, eafily ap- 
pears to be, regarding only the third power of the excentricity. 

■5 ,V 7 > 107, 
m — 2cs, m-\ c s y am c s> m-\ c j, 3;;; 

4 3* 9 6 

comparing this with the fcries for the true anomaly, the corre&ion appears 

* , "i .3. 

to be 6' j, m e j, .3;?*, which is a maximum when 772=35° i6 N 

3- '3 2 

nearly. And therefore in the orbit of Mercury the error from this term 

when a max. is about 57 NN , in the orbits of the other planets the errors are 

as the author rightly obferves very fmall. 

On 

* Effays,. A p. 47. 
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On Lacaille's Method.* 

The indireft method ufed by Lacaille, and recommended by Lalande, 
is as follows. 

A fuppofition is made for the true anomaly, with this fuppofed true 
anomaly the cxccntric anomaly is computed by the analogy. 
>/i — e : yi+<? : : _*, i anom. : /, £ excent. anom. 

From the cxccntric anomaly fo deduced, the mean anomaly is com- 
puted by the equation m = c+es, c. The error of this mean anomaly 
is applied as a corre&ion to the affumed anortialy, and the operation 
repeated till no error remains in the computed mean anomaly. The 
proper mode of eftimating the value of this method fecms to be to 
enquire how the repeated operations converge. 

To afccrtaln the rate of convergency, we may make ufe of the 

equation a = m — 2es 9 m+ Sec. Let //; be the mean anomaly, computed 

to the affumed anomaly a> fuppofmg a nearly equal a. 
Then 



a — a=m—m — ics> m — s 9 m &c. = m-m X i - 2ecs?n> &c* 

fo that the error of a differs from the error of m 

* 

only by m — ?nxiecs, m 

Hence the convergency proceeds according to the fimple power of the 
cxccntricity, and if the mean anomaly be the firfl affumption, the error 

of 

* Mem. Acad. 1750. Lalande's Aftr. Lalande edit. Halley's Tab. vol. 2, $0. 
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of the computed mean anomaly is of the order of the firft power of 
the excentricity. Therefore five or fix operations may be neceffary for 
Mercury or Pallas* and in orbits ftill more excentric a greater num- 
ber. Nor fliould we gain much in point of brevity, by previoufly 
computing by Ward's or Boulliald's hypothefis, or even by Simpfon's 
pra&ical rule, the true anomaly, nearly for the firft affumption. It mud 
therefore be concluded that although this rule is very convenient and 
fimple in pra&ice, yet it yields to Caffini's method, even when 
corre£ed by Kepler's method* Both thefe methods in orbits of great 
excentricity converge flowly. The following pra&ical method is free 
from that inconvenience. 



A convenient practical Method of Solution. 

It has been fhewn that the error of Caffini's firft approximation de- 
pends only on the third and higher powers of the excentricity. So 
that in orbits of fmall excentricity, the firft approximated is very near 

the true excentric anomaly. If c be the error of this approximation and c 

the approximated excentric anomaly itfelf, alfo m the mean anomaly 
computed with the excentric anomaly c ; then as has been fhewn 

m 



r=— ~ — — nearly and the error of c thus computed is nearly 

\-\-ccs, c 

I 

/ 

———therefore c depending only on the third power of the excentri- 

x+ecs 9 c 

city 
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city the error of c will depend only on the feventh &c. Hence in 

orbits of fmall excentricity the excentric anomaly is readily obtained. 
And even in orbits of the greatefl excentricity, Caffini's firft approx- 
imation is fuffieient to apply the above formula for a further correc 

tion* For taking the extreme cafe, viz, when *=i} ;/*+///=£ 4-c+j, c+c 

\ / / 

/ \ v. 
m=c+s, c. From whence is readily deduced 

WltszC+CSiCXC-kc + &C. — s 3 cx^~ i A C* +&c. 

Now the firft approximated excentric anomaly with this excentricity 13 
half the mean anomaly, and its greatefl error will be when the mean 

anomaly = 1800, In that cafe c = — *- =1,57079, with which 

value of c both the feries 1 — &*+ &c. \c- iV+Scc. will converge 



i 

(o that a near value of c may be'derived from the equation ms±zc+ccs 9 c 

f " r t \ 

m 

f 

or from c— - ; But when ;//=i8o?> the approximated excentric ano- 

' i+cs,c 

naaly will continually approach to 180 alfo, and confequcntly the denomi- 

nator i+csc become evanefcent. In this extreme cafe the formula from the 
fimple equation fails, but a formula might if it were worth while be here 

obtained 
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obtained from the quadratic equation m=cx i +csc-^ c s,c. In this man- 

ner, therefore, a complete folution of Kepler's problem may be obtain- 
ed, and very conveniently, except when the ellipfc is evanefcent, and 
at the fame time the mean anomaly nearly iSo°*. 

When the ellipfe is very excentric or nearly evanefcent, and the 
mean anomaly nearly 180 , a fmall error in the excentric anomaly oc- 
cafions a great error in the true anomaly. Hence an inconveniency 
in this cafe, in deriving from the excentric anomaly, computed by any 
method^ the true anomaly. This takes place with refpeft to comets, 
when they are near perihelion or are vifible to us. i\nd therefore, for 
them, when near perihelion, inftead of ufing the following pra&ical 
rule, the beft method is to derive by a corre&ion the true anomaly, 
reckoned from perihelion from the anomaly in a parabola, having the 
fame perihelion diflance. 

I 
The Log. of the multiplier , = 20 — log. 2 — 2 log. es\^ 

1+ ecs'^c 

c, being an arch the log. cofine of which is the Log. e + Log. a, c* 
It appears to me rather more convenient in pra&ice to compute pre- 
vioufly a fmall table containing the logarithms of the above multipliers, 
which may be done very expeditioufly for a given orbit. In the mofl 
excentric planetary orbits, if the table be computed to every five de- 
grees of excentric anomaly, and the logarithms to five places of 
figures, it will be fufficicnt. That a comparifon - may be made of the 
pra&ice of the method with, and without the tables, the table is 
fubjoined for the new planet Pallas difcovered by t)r. Olbers. 

What has beetffaid will, I think, , fufficiently explain the convenience 

and extent of the following practical rule. 

Prafiical 

* This reafoning may be eafily applied to Newton's firft folution, and in the ex- 
amination of which it might have been inferted, but it wafe thought better to place it 
here, becaufe Callings folution was pofterior to Newton's. 
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PRACTICAL RULE 

FOR. 

OBTAINING THE TRUE FROM THE MEAN ANOMALY. 

i. Subiraft the Log. of the aphelion from the Log. of the perihelion dif- 
tance, and call the remainder B. B + the Log. tang, of^ the mean 
anomaly = the Log. tang, of an arch, which being added to rr the mean 
anomaly, the fum will be the approximate excentric anomaly. 

2*. Add together the conjlant Log. 5.3144251, the Log. of the excen- 
tricity and the Log. fine of the computed approximate dicentric anomaly : 
the fum dimini/Jjcd by 10 will be the Log. of a number of feconds to be 
added to the approximate cxccntric anomaly, to obtain the correfponding 
mean anomaly. 

3. Find the -logarithm C either by a table previoufly conflruded, or by 
computation, viz. C = 19.6989700-2 Log. cs ? a , a being an arch 
the Log. coftne of which = Log* excent + Log. cs of the approximated cx- 
ccntric anomaly. When the, approximated excentric anomaly is greater than 
90° a is alfo greater than 90°. 

3. Add the log. of the error of the- computed mean anomaly to C, and 
the fum will be the logarithm of the error of the firfl approximated ex- 
centric anomaly. This error has always the fame ftgn as the error of the 
computed mean anomaly. 

5. The fum of rr R and Log. tang- £ the corral excentric anomaly is 
the Log. tang, of l? the true anomaly. 

Note, when the mean anomaly is greater than 180°. Take its ftp- 
piemen t to 360, and compute the correfponding true anomaly : its fup- 
plement to 360 will be the true anomaly required. 
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By the above operations, the true anomaly will be had to lefs than 
a fecond, for all the planets. In orbits more excentric, it. may be 
neceflary to repeat the fecond, third and fourth rules, ufing the cor- 
rected excentric anomaly inftead of that firft computed. And then ufing 
the fecond correfled excentric anomaly to obtain a third, and fo on 
till no error remains. The fucceflive corre&ed excentric anomalies will 
rapidly approximate to the true excentric anomaly, as has been before, 
ihewn. 

Although a fecond operation "will never be neceflary for the pla- 
nets, yet as a fecond operation is very readily performed, it may 
be ufed for two reafons. i. It ferves as a check, to verify the 
corrcftcd excentric anomaly, and 2. when the fine of the corrected ex- 
centric anomaly is taken out from the logarithmic tables, the cofine of 
the fame may be taken out, which will readily give us the logarithm 
of the planet's diftance from the fun, viz. 2 Log. cs 9 % *> - 19.698700 
* being the arch, the Log. cs of which == Log. excentricity.+ Log. cs 
<orre&ed excentric anomaly* 



By 
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TABLE FOR THE PLANBT PALLAS, 



Approx. 
Exc. An. 


Log. = C 


Approx. 
Exc, An. 


Log. = C 


Approx, 
Exc. An, 


Log. =r C 


o° 
5 
10 


T. 89997 
U 90031 
1. 90133 


65° 
70 

75 


1. 55489 
I. 96315 
1. 97183 


130 
135 
140 


0. 07909 
0. 08785 
0. 09605 


15 
20 
25 


T. 90303 
1. 90539 
I. 90843 


80 
%5 
90 


T. 98089 
1. 99031 
0. 00000 


145 
150 
155 


0. 10357 
0. 1 1031 

0. II5I9 


30 
35 
40 


1. 91211 
U 91643 
1. 92139 


95 

100 

105 


0. 00991 
0. 01999 
0. 03013 


160 
165 
170 


0. 12113 
0. 12503 
0. 12789 


45 
50 
55 
60 


1. 92697 
JL 93313 
1. 93985 
1. 94711 


110 
115 
120 , 
125 


0. 04029 
0. 05035 
0. 06023 
0, 06985 


175 
180 


0. 12961 
0. 13009 



EXAMPLE i. 

To find the true Anomaly of Pallas, when the mean Anomaly = 46*, ;ini 
also the Logarithm of the Planet's distauce from the Sun. 



The excentvicity of the orbit of Pallas =: 0, 259, the mean distance being 
unity. Log. 



^44<3 / z // 



Log. per. dist.rrr ,741 1.8698182 31552,4= 8.45 52,4 

Log. aph. dist—rl ,259 Ov 1000257 36.12.3 

Log=B 1. 7697925 Comp*. m. anom. 44. 57. 55, 4 

' { , ■ ; . 4£ 

JLog. tang.J45°=22°. 30 -9. 6172243 Error - 2. 4,6 

Log. tang. 13. 42 3, 3 9. 387616^ . v - 124, 6 
Add 22. 30 



Log. sine 36 12 3,3 9.7713071 Log. cs 36. 12* 3 9. 90685 

Log, 259. ! ' T 4132^98 Log, 259 T"4l330 



'"■.*•,/ 'Constant Log. 5. 8144251 Log. csfll 56„ 10 9; 32010 
Log. 31552, 4 ' 4,4990320 Log. cs 38* 58. 5 9, § 907b 

- '2 



/; ^ ■ 19. 78140 

Logi 124, 6 2*09552 Const. Log. l#. 69897 

C K91762 Log. == C 1791757 

1 . 

Log. 103,1 2.01314 • Or by the Table C=~ 91762 

36 12 3, 3 
+ 1.43, 1 



36. J 3 46, 4 Corrected exeent. anom. 



i B ' 1. 8848962 



i 18. 6. 53, 2 9, 5147282 

t. 14. 5. 19 9. 3996244 

2 



half a second. 



t. 28 10 38 true anomaly, of which the error is not 

Or 
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Or using a second operation, to serve as a check upon the computation ; and 
also, to investigate the accurate logarithm of the planet's distance from the sun. 



Log. sine 36. 13. 46, 4 9^7716035 

Log. 259 I. 4132998 

Const, log. 5. 3144 25 i 



Log. 31673, 9 or 4, 4993284 

o 

8.46.13,9 
36. 13.46,4 mean anom. 



cs 9. 9066881 
7741 32998 



9. 


3199379 




CS 11. 


5626,5 



SS 5813,2 



45 O. 0,3 



differing T 3 5 from the truth. 
cs 3°8. 58. 13, 2 9. 8906S46 



19 7813692 
19. 6989700 



Log. planet's dist. 0. OS23992 

© 
Example 2. The ellipse being evanescent, and the mean anomaly = 1 50, re- 

quired the excentric anomaly. 

Here the perihelion distance being evanescent, by the rule the first approxi- 
mated excentric anomaly=^ the mean anomaly, or 75°. 

The computation of C 

Log. cs 15 9. S9947 
~2 2 



Log. sine 75 


9. 98494 


Const. Log. 


5.31442 


Log. 199230 


5. 29936 


=2 55. 20 




15 





19. 79894 
Const. lo£. 19. 6.9897 



C. 



1. 90003 



Log. 1180 3.07138 



130. 20 
150 



comp. mean anom. 



19.40. =s 1180 Error 



Log. 937 2. 97191 

O / 

= 15. 37 cov". ex. anom* 

75 



2| 90. 37 lst.cor d .ex.anom. 



45. 18 



2d. Operation* 



14$ 



2d. Operation, 



Log. sine 90. 37 
Const, log. 



9. 99997 
5. 31442 



/ 



Log. €S 45. 18 9. 84720 
2 



Log. 206250 


5. 31439 

G Error 

3d. Ope: 

9. 9995056 
5. 3144251 


Const, log. 

Log. 126 

Log. 127 

• 
— 2. 7 

90.37 


C 

2d, 


19. 69440 
19. 69897 


ess 57. 17 


0. 00457 
2. 10037 


90. 37 


2. 10494 


147. 54 
150 




2. G= 12 




Log. sine 92, 44 
Const, log. 


2 | 92* 44 
46. 22 

ration* 

Log. CS 46. 22 

C 

Log. 130 
Log. 136 

s=s 2. 16 
9.44 


, corr. ex. an 

9. 83887 
2 


Log. 206030 
== 57. 13. 50 

92. 44 


5. 3139307 
lib Error 


19. 67774 
19. 69897 

0. 02123 


149. 57. 50 


2. 11394 


150 


2. 13517 


2. 10 =t= 





92. 46. 16 3d cor d . ex. anom. 



This last corrected excentric anomaly ia true to a second. 



The 
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The preceding example is not given as one that can occur' in 

pra&ice, or as the fliorteft method, in this cafe, * of finding the ex- 
centric anomaly, but merely to fhew, that in the extreme cafe of ex* 
centricity the method holds. It only fails, as was obferved, when the el- 
lipfe is nearly evanefcent, and at the fame time the mean anomaly nearly 
i8o°. Machin's method gives, in that instance, the excentric anomaly 
with very great precifion. But, as was before remarked, in very excen- 
tric orbits, when the body is near perihelion, it is very inconvenient to in- 
veftigate the true anomaly by means of the excentric anomaly, becaufe a 
fmall error in the excentric anomaly occafions a great error in the true ano- 
maly. And, although Machin's method furni&es us with the excentric 
anomaly, in that cafe, with as great a degree of accuracy as can be de- 
fired, yet the common tables of logarithms are not extended to a fufficient 
number of places to ufe them for that purpofe. 

The beft method of folving this cafe, which is that of the planets when 
vifible to us, is to deduce the true anomaly meafured from perihelion, from 

the correfponding anomaly in a parabola, having the fame perihelion dif- 
tance. 

I had not intended to notice this method farther ; but as the following 

fblutron appears to be as fimple as can be defired, alfo readily admits of 

being extended to any degree of accuracy, and at the fame time affords 

another ftriking illuftration of the convenience of the method of deriving 

feries above alluded to, I have bedn induced to add it. T. Simpfon and 

Laplace are the only authors I have met wkh who have folved this problem.f 

Their folutions give only the firft term of the correction to be applied to the 

anomaly in the parabola* In the following, two terms of the correction 

are given, and more might be eafily deduced, if necefTary. 

Prob. Having given the anomaly in a parabola reckoned from perihelion, 
to deduce from thence the correfponding anomaly in an excentric ellipfe, hav- 

* In and near the cafe of extreme excentricity, the common tables cf natural 
fines and circular arcs will readily furnifh, by mere infpe&ion, the excentric anomaly 
true to the neareft degree ; and then two operations will find it true to a fecond. 

f P. 58, 6c. Mifc. Tracts. Mecanique celefte, Tom, 1. p. 183, 1S6. 

in* 
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ing the fame perihelion diflance. The anomalies are called correfpondirig, 
wheri the times from perihelion in each orbit are the fame. 

Solution. Let a = £ the true anomaly in the ellipfe to radius unity 
A = £ the correfponding anomaly in the parabola, die perihelion dis- 
tance = i and the femi axis major of the ellipfe = <* Then the fluxion 



of the elliptic area from perihelion = a x dill. \ = a x 



2 a- I 



*+• — ics 9 %a* 



a x i—n 



i-\-cs,2a 



n est 2 a 



X 



i+cs 9 2a 



I (putting n — — ) —a x I 



X i— »H 



zesfa 



2 — ;z 



= a 



2 2» 



%a 9 a 

I 2 « i 3 

X : X — X — — + — X 

cs 9 4 a 2 \-n cs 9 6 a 4 



n 



1 A 

X — — — &c. Alfo, the fluxion of the parabolic area = 

1 — #. cs 9 a cs 9 4 A 

Now the ratio of the area in the ellipfe, to the cotemporaneous area in 

the parabola, is the fubduplicate ratio of the parameters, or of V 2— n ; 

V<F~* 



Hence, 



** ^ A a 

1— n\ x 1 — im ~ xfi — =/• — 
I cs* A A cs 9 1 



n 



a 



x-j?. — + 

i-# 2 gt, # 



n I 3 a 
— X — ./?• — - &c 

1 — # 4 a,a 

Let the fucccflive fluxions of this equation be taken per Saltum, making n 
flow uniformly, a = A and « = : 



* Ncwtoni Prin. Prop, 14. Lib. 1. 
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5 ♦ A a * A 

4 w/A a, 4 A cs % *A 



i . a - A 40. x,A ina tt A 

16 a, 4 A csfA cs, s A cs 7 6 A cs, 6 A 



3 •* A 
•f - «/• &c. &c. 

a «/A 



A s 9 A 2.r, A 

They?. = + 

csS A ys 9 3 A 3a, A 



A s y A 4^, A 4.2s A 



cs G A Scs>*A 5.3a 3 A 5.3^,A 



A jv A 6f,A 6. 4/, A 6.4.2.rA 

y?. = ~ + + + 



afA jcs, 7 A y.$a, s A 7. 5. 3^ 5 A 7.5.3*^' 
Whence, from the above equations we readily deduce ia (the anomaly in 



• •* 



*,A a a *,A 

the cllipfc) = 2A+2Xa-\-a = 2 A4 X4-3^, A-6a, AX/2+ 



10 28oott, a A 



X 4o8-i6oa, a A-iioott, 4 A-425a 6 A+252a lo Ax w 2 . It maybe ob- 
ferved, that if the axis major of the cllipfe be unity, and the cxccntricity 
=?, n=i i-e the perihelion diftance. The co-efficient of n is precifely the 
fame as that found by Laplace,* by a very different method. Q^ E. I. 

* Mfecamquc Cilefte Tom, t. p* 186 
Vol. IX. R What 
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What has been done in this effay has been principally done with a 
view of comparing different folutions of Kepler's Problem. That compa- 
rifon has led me to point out what I confider as the beft pra&ical folution 
of the problem, particularly applicable to the planets. This folution is 
formed by a combination of the folutions of Kepler, Newton, and Caffini. 
The very fmall /hare I claim in it is frbm having recommended that com- 
bination of folutions. The folutions of the two latter have been feparately 
recommended by writers on aftronomy. Caffini has not always been referred 
to as the author of his method, and Newton rarely. The merit of Caf- 
fini's method is derived from its fimplicity, and ready application to the 
planetary orbits. Newton's folution was the firft that was applicable to or- 
bits of every degree of cxccntricity. 

In addition to the folutions that have been mentioned, it is neceflary 
confidently with my plan, to notice two others* The one given by Her- 
man, in 1725,* and the other by Mr. Ivory .f 

The folution of M." Herman had, through inadvertency, efcaped my notice, 
although referred to by feveral authors. And is given in the fame memoir, 
together with a conftru&ion of the problem. It is in fubftance the fame 
as- the folution of Dr. Matthew Stewart, that has been examined, and there- 
fore what has been faid of that may fuffice for Herman's folution. The folu- 
tions only. differ by Stewart taking D X perpend, from S on the tang, at 
D = twice the area DSG, and by Herman's taking SD X perpend, from 
*% 5- 1 G on SD for the fame area. Herman ufes Caffinis approximation without 
reference, although he had mentioned that folution in the beginning of his 
memoir. Dalembert, alfo, in the Encyclopedic, juflly commending Her-, 
man's Solution, does not notice that the mod valuable part of it was due 
to Caffini. 

I had not an opportunity of feeing the folution of Mr. Ivory till this ef 
fay was nearly printed. It is not, however, neceflary for me to enter into 
a minute examination of it 5 as the ingenious author has very fully ex- 
plained 

Comment. Acad. Petrop. Tom. 1/ p. 142. 
Edinburgh Tranfaclions, Vol. 5. part ii. 
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plained the principles and extent of his method. With regard to its prac- 
tical value for the planetary orbits, it yields to feveral of the methods that 
have been mentioned, and with refpeft to elliptical orbits in general, it 
certainly yields to Newton's method, and perhaps to Machines, Mr. 
Ivory remarks the fame inconvenience in his method as was obferved above 
with refpeft to Newton's; the computation of the excentric anomaly in 
orbits very excentric, when the body is near perihelion. This inconveni- 
ence does not exift in Machin's folution ; in that part of the orbit his firffc 
approximation is as exaft as can be defired. In the extreme cafe when 
the ellipfe is evanefcent, the folution derived from Newton's method is 
much more limple than that of Mr. Ivory. And alfo, in that cafe, Machines 
folution is more commodious than that in the Edinburgh Tranfaftions. 
It is with concern I have made thefe remarks on the labours of a pcrfon who 
has* merited fo much by his mod elegant and ufeful folution of a 
problem connected with phyfical aftronomy. A problem on which the emi- 
nent mathematicions of Europe had necefTarily exerted their ingenuity for 
nearly half a century ; and whofe folutions have all been furpaiTed by that 
of Mr. Ivory. In his folution of Kepler's problem, he has added the me- 
thod of deriving the place of a comet, moving in an excentric ellipfe from 
the place in a parabola having the fame perihelion diftance. He confiders 
the problem as new, although, befide Simpfon and Laplace above referred 
to, Lalande mentions the problem, Mr, Ivory has given two terms of the 
feries derived by his method. 



* Edinb. Tranfa&Ions> Vol. 4, 1 79S, 



